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The purpose of this note is to present a short elementary proof of a 
theorem due to Faltings and Laumon, saying that the global nilpotent cone 
is a Lagrangian substack in the cotangent bundle of the moduli space of G- 
bundles on a complex compact curve. This result plays a crucial role in the 
Geometric Langlands program, see [BD] , since it insures that the D-modules 
on the moduli space of G-bundles whose characteristic variety is contained 
in the global nilpotent cone are automatically holonomic, hence, e.g. have 
finite length. 

Let (M, lo) be a smooth symplectic algebraic variety. A (possibly sin- 
gular) algebraic subvariety Fc Mis said to be isotropic, resp. Lagrangian, 
if the tangent space, T y Y, at any regular point y 6 Y is an isotropic, resp. 
Lagrangian, vector subspace in the symplectic vector space T y M (we always 
assume Y to be reduced, but not necessarily irreducible). The following 
characterisation of isotropic subvarieties proved, e.g. in |CG| , Prop. 1.3.30], 
will be used later : Y C M is isotropic if and only if for any smooth locally 
closed subvariety W C Y, we have lo\ w = (here W is possibly contained 
in the singular locus of Y). An advantage of this characterisation is that it 
allows to extend the notion of 'being isotropic' from algebraic subvarieties 
to semi-algebraic constructible subsets. Thus, we call a semi-algebraic con- 
structible subset Y C M isotropic if oj\ w = for any smooth locally closed 
algebraic variety W C Y . 

Now, let M be a smooth stack that can be locally presented as p : 
M -» M, where M is a smooth algebraic variety andp is a smooth surjective 
morphism; e.g., M is locally isomorphic to the quotient of a smooth algebraic 
variety modulo an algebraic action of an algebraic group, see e.g. [LMB]. 
We have a natural diagram 

T*M «- T*Mx M M A T*M. 

A substack Z C T*M is said to be constructible, resp. isotropic or La- 
grangian, if e(Z xjy/ M) is a constructible, resp. isotropic or Lagrangian, 
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subset of T*M relative to the standard symplectic structure on the cotan- 
gent bundle of a smooth variety. 

Let X be a smooth complex compact connected algebraic curve of genus 
g > 1, and G a complex semisimpleQ group. Below, we write Buna for the 
moduli space of principal algebraic G-bundles on X, regarded as a stack, 



cf. [LMB], rather than a scheme. In particular, no stability conditions 
on principal bundles P € Buna are imposed. Given a principal G-bundle 
P, let q p and g* denote the associated vector bundles corresponding to 
the adjoint and co-adjoint representations of G, respectively. Let P be the 
universal bundle on Bunc X X, and p : Buna x X —* BurtQ the projection. 

The cotangent stack, T*Buuq, is a stack, see [BD, n. 1.1.1], which is 
relatively representable over Buuq by the affine spectrum of the sheaf of 
algebras Sym(R 1 p^Q p ), the Symmetric algebra of the first derived pushfor- 
ward sheaf. Note that for all i > 1, we have: i?^»*g p = 0, since dimX = 1. 
Hence the formation Brp*(— ) is right-exact, and therefore commutes with 
base change. For a scheme S and a morphism: S — > Bunc, write P(5) for 
the pull-back of the universal bundle to S x X. Using the base change, one 
obtains the following (stack version of the) Kodaira-Spencer formula for the 
set of S'-points of the fiber of T*Butiq over ~P(S): 

Tp (s) Bun G = T(S, Hom Coh (R)3*Q F{S) , O s )) 

= r(s,mm Db(coh) (Rp* ep(S) [i},o s )) (1) 

= T(S,mm DHcoh) ( 9p{S) ,Rp'-O s [-l])) 

= T(S x x, 4 (5) ^ x5/5 ) ^ r(5 x x, 0p(S) ^ x5/5 ) , 



where the second isomorphism exploits the fact that the complex Rp*Q p(S) [1] 
is concentrated in non-positive degrees, and the last isomorphism uses the 
identification g* ~ g p induced by the Killing form on g. 

Write J\f for the nilpotent cone in g, the zero variety of the set of 
Ad G-invariant polynomials on g without constant term. Choose a Borel 
subgroup B C G with Lie algebra b, and let n denote the nilradical of b. 
Kostant proved [Ko], see also [CG, ch.6], that M is equal, as a subscheme 
of g, to the image of the Springer resolution, the morphism: G x s n — > g, 
given by the assignment: (g, x) i— > Adg(x). 

it is not hard to extend our results to any reductive group, but that would lead to 
unpleasant dimension shifts in various formulas below, so we restrict ourselves to the 
semisimple case. 
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Given a scheme S and a G-bundle P on S x X, we choose local triv- 
ialisations of the vector bundles g p and Q\ and view a local section cc of 
g p (8i 0^- as a function 5 x X — > g. The section a; is called nilpotent if the 
corresponding function gives a morphism S x X — > C g. The notion 
of a nilpotent section does not depend on the choices of trivialisations in- 



volved. Following Laumon La | , define the global nilpotent cone as a closed 



(non-reduced) substack Milp C T*Buuq whose set of <S-points is 

Milp(S) = {(P,x) | x G T(S x X, g p ® fi^) , x is nilpotent section}, 
where P runs over G-bundles on S* x X. 

Main Theorem. Milp is a Lagrangian substack in T*Buuq. 

Remark. This theorem was first proved, in the special case G = SL n , by 



Laumon [La]. His argument cannot be generalized to arbitrary semisim- 



ple groups. In the general case, the theorem was proved by Faltings [Fa, 
theorem II. 5]. The proof below seems to be more elementary than that of 
Faltings; it is based on nothing but a few general results of Symplectic ge- 
ometry. Another proof of the theorem is given in [BD]. That proof is more 
complicated; however, it potentially leads to a description of the irreducible 
components of Milp. 

We begin with a few general lemmas. Let (M\,u)\) and (M^,^) be 
complex algebraic symplectic manifolds, and pr^ : Mi x M2 — » Mj, the 
projections. We regard Mi x M2 as a symplectic manifold with symplectic 
form pr^i — ^2^2, involving the minus-sign on the second factor. The 



following result is a special case of |CG, Prop. 2.7.51]. 



Lemma 2. Let Ai C Mi and A C Mi x M2 be smooth algebraic isotropic 
subvarieties. Then pr 2 (pr 1 ' 1 (Ai) n A) C M2 is an isotropic subvariety. 

Proof. Set Y := prj~ 1 (Ai) n A. Simple linear algebra shows that, for any 
y E Y, the image of the tangent map (pr 2 ), : T y Y — > T pr2 ^M2 is isotropic. 
We use the characterization of isotropic subvarieties mentioned at the be- 
ginning of the paper. Let W C A2 := pz 2 (Y) be an irreducible smooth 
subvariety. Observe that the map pr 2 : pr 2 " 1 (H / ) n Y — > W is surjec- 
tive. Hence, there exists a non-empty smooth Zariski-open dense subset 
Y' C (pr 2 _1 (VF) fl y) red such that the restriction pr 2 :Y'^>W has sur- 
jective differential at any point of Y' . Therefore the tangent space at the 
generic point of W is isotropic. Whence the tangent space at every point of 
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W is isotropic, by continuity. It follows that any smooth subvariety of A2 is 
isotropic, and the lemma follows. □ 

Given a manifold N we write Atv for the canonical 1-form on T*N, 
usually denoted i pdq\ such that d\ is the canonical symplectic 2-form on 
T*N. Let / : N± — > N 2 be a morphism of smooth algebraic varieties. 
Identify T*(Ni x N 2 ) with T*Aq x T*N 2 via the standard map multiplied 
by (—1) on the factor T*N 2 . The canonical 1-form on T*(N\ x N 2 ) becomes 
under the above identification equal to pr*(A;vi) ~~ ]? T 2 (^N 2 )- We endow 
T*N\xT*N 2 with the corresponding symplectic form pr^dA^J— pr^dA^); 
it is induced from the canonical symplectic form on T*(N± x N 2 ) via the 
identification. 

Introduce the following closed subvariety 

Y f = {(m, ai), (n 2 , a 2 ) £ T*JVi x T*7V 2 | n 2 = /(m) , ai = = /* (a 2 )} . (3) 

Lemma 4. XYie image of Yf under the second projection pr 2 : T*N\ x 
T*N 2 — > T*iV"2 « s an isotropic subvariety in T*N 2 . 

Proof. Using the above explained identification of T*(N\ x AT 2 ) with T*N± x 
T*N 2 involving a sign, the conormal bundle to the graph of / can be written 
as the subvariety 

A = {{n 1 ,a 1 ),(n 2 ,a 2 )eT*N 1 xT*N 2 \ n 2 = f(m) , ai = f* (a 2 )} . 

Observe that the canonical 1-form pr^(AjvJ — pr^A^J on T*Ni x T*N 2 
vanishes identically on A. Hence, A is an isotropic subvariety, and we may 
apply Lemma 1 to Mi = T*iV"i , M 2 = T*N 2 , and Ai = T^Ni = zero- 
section, and to A above. Observe now that we have by definition, Yf = 
A n pr ] ^ 1 (T^ i iVi). Hence by Lemma 2 the subvariety pr 2 (l/) is isotropic. 
□ ! ' 

Lemma 5. If Ni and N 2 are smooth algebraic stacks, and f : Ni —* N 2 
is a representable morphism of finite type, then the assertion of Lemma 4 
remains valid. 

Proof. Due to locality of the claim we may (and will) assume N 2 is quasi- 
compact. Let N 2 be a smooth algebraic variety and N 2 — > N 2 a smooth 
surjective equidimensional morphism. Set N\ := N 2 x n 2 N\. Note that 
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the set Yf C T*N± x T*N 2 defined in (3) may be viewed as a subset in 
T*N 2 x jv 2 JVi. Therefore we have 

Y f x N , 2 N 2 C T*N 2 x N2 N 2 x N2 N 1 = T*N 2 x N2 N v 

We must show that the image of Yf x n 2 N 2 is an isotropic subvariety in 
T*N 2 . Let F : N ± -> N 2 be the natural morphism, and Y w C T*N 2 x . iVi 

the corresponding subvariety of Lemma 4. Observe that T*N 2 x _ N± = 

T*N 2 xtv 2 -/Vi and Yf x^ 2 N 2 = Yp. Hence, Lemma 4 applied to F shows 
that the image of Y F x n 2 N 2 in T*N 2 is isotropic. The claim follows. □ 

Choose a Borel subgroup B C G with Lie algebra b , and let n denote the 
nilradical of b. Given a field K of characteristic zero, write G(K), B(K), b(K), 
etc., for the corresponding sets of IT-rational points. The following result 
seems to be well-known; it is included here for the reader's convenience. 

Lemma 6. For any field K D C and any x £ M{K), there exists an element 
g G G(K) such that kdg(x) G n(K). 

Proof. Since the Jacobson-Morozov theorem holds for any field of char- 
acteristic zero, one may find an s[2-triple (x,h,x~) C g(K) associated to 
the given nilpotent element x G g(K). The eigenspaces of the semisim- 
ple endomorphism ad/i : q — > q corresponding to non-negative eigenvalues 
span a parabolic subalgebra p x C 0, which is defined over K. Writing u x 
for the nilradical of p x , by construction, we have: x G u x (K). Clearly, if 
b x C p x , is a Borel subalgebra defined over K, and n x is its nilradical, then 
x G it (lif) C n x (K). 

Thus, it suffices to prove that the parabolic p x contains a Borel sub- 
algebra defined over K. To this end, let V denote the partial flag variety 
of all parabolics in g of type p x . There is a unique p G V(K) such that 
p D b, where b is our fixed Borel subalgebra. Now, the group G{K) acts 
transitively on V{K) (this follows easily from the Bruhat decomposition, see 
[Ja]). We deduce that there exists g G G(K) such that kdg(p) = p x . But 
then, Ad g(b) C p x is a Borel subalgebra defined over K, and we are done. □ 

Let /1, . . . , f r , (r = rkg), be a set of homogeneous free generators of 
C[g] G , the algebra of G-invariant polynomials on q. Let di = deg/« be the 
exponents of q. Following Hitchin pL[ | we put: 

mtch -.= r(x,n® dl ) ... r(x,n® dr ). 
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This is an affine space of dimension equal to dim Buna (at this point it 
is used, see [Hi], that genus X is > 1). Hitchin has defined a morphism 
7r : T*Buuq — ► Hitch, by assigning to any pair (s,P) G T*Bunc where 
P G Buna and s G TpBunc — r(X, P(S) <8> ^x)> see CO' * ne element 
7t(s,P) = ©[ =1 G Hitch. It is immediate from the construction that 

the global nilpotent variety is the fiber of tt over the zero element G Hitch. 



Remark. Hitchin actually worked in the setup of stable Higgs bundles and 
not in the setup of stacks. But his construction of the map n extends to the 
stack setup verbatim. We make no use of any additional properties of the 



map 7T established in [Hi 



Lemma 7. Afilp is an isotropic substack in T*Buuq. 

Proof. Write N2 = Buns for the moduli stack of principal B-bundles. By 
an old result of Harder [Ha], any G-bundle on a curve has a S-reduction, 
hence the natural morphism of stacks / : Buns — > Buna is surjective. 

Let P be an algebraic G-bundle on the curve X, and s a nilpotent 
regular section of g p ® Harder showed further, using a key rationality 
result of Steinberg [St], that the bundle P is locally-trivial in the Zariski 
topology. Thus, trivializing P on the generic point of X, one may identify 
the restriction of s to the generic point with a nilpotent element of q(K), 
where K = C(X) is the field of rational functions on X. Hence Lemma 6 
implies that there exists a .B-reduction of P over the generic point of X such 
that s G n p ® 0^-. Here, a B-reduction is a section of the associated bundle 
B\P. The fibers of B\P being projective varieties (isomorphic to B\G), 
any section of B\P defined over the generic point of X extends to the whole 
of X. Thus, there exists a B-reduction over X of the G-bundle P such that 
s G n p <g> 0^. 

Further, let k D C be a field, and S = Spec(fc). For any P G Buns(k), 
we have: 

TpBun B = H X (X, b P )* = H°(X, b* p <g) fi^f) = H° (X, (fl P /n p ) <g> SI 1 *) . 

It follows that in the notation of Lemma 5, for N\ = Buub and N2 = Buna, 
we have Afilp = pr 2 (Yf). Observe further that Buns is the union of a 
countable family of open substacks of finite type over Buna each. Thus, 
Lemma 5 implies that Afilp is the union of a countable family of isotropic 
substacks. 



6 



We claim that if an algebraic stack S is the union of a countable family 
{5j}j G N of locally closed substacks, then any quasi-compact substack of S 
can be covered by finitely many S^s. To prove this, we may assume without 
loss of generality that S is itself quasi-compact. Choose a smooth surjective 
morphism S -» S, where S is a scheme of finite type. By our assumptions, 
there exists a countable family {S^}^ of locally closed subschemes of S 
such that: S = Uj Si. Hence, there exists n 3> such that S equals the union 
of the closures of Si, . . . ,S n , thanks to Baer theorem. Hence, S\ U . . . U S n 
is Zariski dense in S, and dim(S' \ [Si U . . . U S n )) < dimS. Arguing by 
induction on dim S we deduce that S is covered by finitely many Sj's. Hence, 
for any field k D C, the quasi-compact set S(k) is covered by finitely many 
subsets Si(k). 

Thus, we have proved that any open quasi-compact substack of Milp 
can be covered by finitely many isotropic substacks. This implies that Milp 
is itself isotropic. □ 

Propositions. dim Milp = dim Buna- 
Proof. We observe that, since Buna is an equi-dimensional smooth stack, 
each irreducible component of T* Buna has dimension > 2 dim Buna- To see 
this, one may replace Buna by an open quasi-compact substack Y, which 
admits a smooth surjective morphism p : Y —» Y, where Y is a smooth 
algebraic variety and fibers of p are purely m-dimensional. Then, T*Y XyY 
is a closed subscheme of T*Y locally defined by m equations. Hence, for 
each irreducible component T* of T*Y we find: 

dim 2^ = dim(T*x Y Y)-m > (dim T*Y-m)-m = 2(di m y-m) = 2dimY . 

It follows that each irreducible component of any fiber of the Hitchin mor- 
phism 7r : T*Bunc — > Hitch has dimension > 2 dim Buna — dim Hitch = 
dim Buna- But we have proved that each component of Milp = 7r" 1 (0) is 
an isotropic subvariety. Thus, dimMilp = dim Buna- □ 

Remark. Although the inequality: diraT*Bunc > 2 dim Buna is no longer 
true if X has genus one or zero, it has been shown in [BD] that the stack 
Milp still has pure dimension equal to dim Buna- 

Corollary 9. Every irreducible component of any fiber of n has dimension 
equal to dim Bunc- In particular, the Hitchin morphism it is flat. 
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Proof. There is a natural C*-action on Hitch, such that t € C* acts on 
the direct summand T(X, Jl® d< ) C Hitch via multiplication by t di . The 
map 7r : T*Buuq — > Hitch is C*-equivariant relative to the above-defined 
C*-action on Hitch and the standard C*-action on T*Bunc by dilations 
along the fibers, respectively. Clearly, zero is the only fixed point of the 
C*-action on Hitch and, moreover, it is contained in the closure of any other 
C*-orbit on Hitch. It follows, since dimension of any irreducible component 
of any fiber < dimension of the special fiber, that for any h £ Hitch we 
have: dim7r _1 (/i) < dim7r _1 (0). But for curves of genus > 1, Proposition 
8 yields: dim7r~ 1 (0) = dim Milp = dim Buna- Thus, for any h <G Hitch we 
get: dim7r _1 (/i) < dim Bunc- On the other hand, the dimension of each 
irreducible component of any fiber of the morphism ir : T*Buuq — ► Hitch is 
no less than dim T* Buna— dim Hitch = dim Buna- This proves the opposite 
inequality. □ 

The proof of the main theorem is completed by the following stronger 
result 

Theorem 10. The stack T* Buna is a local complete intersection, and Milp 
is a Lagrangian complete intersection in T*Buuq. 

Proof. The claims being local, we may replace Buna by an open quasi- 
compact substack Y which admits a presentation of the form p : Y -» Y, 
where Y is a smooth algebraic variety and p is a smooth surjective morphism 
with fibers of pure dimension m. As we have observed in the proof of 
Proposition 8, T*Y xy Y is a closed subscheme of T*Y locally defined by 
m equations and, moreover, dimT*y > 2 dim Buuq. On the other hand, 
since fibers of the Hitchin map tt have dimension = dim Buna, we find: 
dim T*Y < dim Buna + dim Hitch = 2 dim Buna- This proves that the 
stack T*Bunc is a local complete intersection. 

Further, Milp being the zero fiber of the surjective morphism tt, it 
is defined by dim Buna equations in T*Buuq. The equality dimMilp = 
dim Buna (Proposition 8) implies that Milp is a complete intersection in 
T*Bunc- Finally, since Milp is equidimensional (Corollary 9), Lemma 7 
implies that Milp is Lagrangian. □ 

/ am grateful to V. Drinfeld for his invaluable help, and also for his extreme patience while 
answering my numerous foolish questions. 
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